R’n

We will almost always work in R”, though the value of n will change a
lot. The values in R™ are of the form

Ty

T2
, though sometimes like e R R TP o I

Tn

On the left is a column vector from R™, on the right is a row vector. The
difference between the two is fairly marginal: they are written differently. In
nearly all cases we will use column vectors. Also, get used to the ‘z with
subscript’ format, it is the only way to work with arbitrarily sized spaces.

This form of vector is easy to work with. You add them by simply adding
together the terms that are in the same spot in the vector (first row with
first row, etc), so

1 Y1 1+
T2 Yo To + Y2
X + y - . + . - N

This is the official ‘vector addition’ for the R™ spaces. Next we need the
‘scalar multiplication’, which means you multiply the vector by a one dimen-
sional term like a real number (we will stick to the real numbers, though
there are other options). It is equally simple, taking a vector in R", x € R"
and a real number a € R we multiply them by simply multiplying every term
in x by a like so:

X1 axrq

i) axro
ax =a = .

Tp axy,

The two operations have several useful (essential, really) properties. Tak-
ing x, y, win R”, a and b € R and the zero vector 0 in R" (a vector with
nothing but zeros) we get



e X+y=yV+X

* X+ (y+w)=x+y) +w
e x+0=x

e x+(—1)x=0

e (a+b)x=ax+0bx

o lx=x

e a(x+y)=ax+ay

e a(bx) = (ab)x

These are all fairly easy to prove using the vector addition and scalar
multiplications for R".

Linear Combinations

These are fairly simple, but they will be used a lot, so get comfortable
with them. A linear combination of the vectors vy, vo, v3, ..., Vv, is anything
of the form

ai1vVi + aavg + asvsg + - - - + vy,

with each a a real number. Again, very simple, but we will define several key
concepts and properties using linear combinations.

The most trivial linear combination is the one that uses the standard unit
vectors:

[ 2 1 0 0
To 0 1 0
3 |l =2 | O | 4ag | O | 4+ 41, |
: : : 0
| Tn | i 0 | i 0 | i 1 |
Example Is the vector { _11 } a linear combination of g and [ ; }?



We need to fine values a; and a, such that

-1 2 n 1| | 2401 +a
1|37 2|7 | 3a1+2as |
To be true, that vector based equation has to match at both coordinates.

The first coordinate value gives us the equation —1 = 2a; + a9, which can be
easily converted into as = —1 — 2a;. The second is

= 3a1 + 2a- — 1=3a; —2—4a; — 3=—a

leading to a; = —3 and as = 5. The final answer is, basically, ‘yes’, though
it is good to include

2 1y | =6+5 | | -1
s[5l e )=
Dot Products

A dot product between two vectors x and y is written simply as x -y and
calculated like so:

X1 U1
X2 Y2

X'y= : . : =T1Y1 + oY + T3Y3 + - - + TpYn.
L, UYn

You multiply the equivalent terms in x and y then add them all up, resulting
in a real number out of two vectors.

If we take the vector v = [ i

] in R? we can calculate

V.- v=4x4+3x3=16+9 = 25.

Why mention this? Well, consider a more geometric interpretation of v. It
is, in actual fact, the hypotenuse of a triangle with remaining lengths 4 and
3. By the Pythagorean theorem, that makes the length of v equal to the
square root of

42432 =16+9 = 25,



the exact same calculation as v-v. This is not a coincidence, this is actually
how we calculate the ‘norm’ of vectors, written ||x|. Norms are basically
calculations of the size of vectors, so length, in this case.

Norm of x, written ||x|| = vx-x

which works out nicely since x - x is always non-negative.

There are a few helpful properties of the dot product.
e X Yy=Yy-X

o (ax)-y=a(x"y)

e (x+y)  W=Xx-W+y W

e x-0=0

These are fairly easy to confirm using the definition.

This is how the dot product is calculated, how it is defined, etc. Now for
an attempt to discuss what it means. The dot product x-y can be viewed as
a multiplication of three components: the norm of x, the norm of y, and a
third component that measures the difference between the directions of each
vector. To be completely accurate:

x -y =[x ly]l cos(8)

where 6 is the angle between the two vectors. Recall that cos(0) = 1, so this
arrangement leads quickly to

2
x - x = [[x]| [[x]| cos(0) = [[x]|".

Also, recall that cos(90) = 0, so if the two vectors are at 90 degrees, right
angles to each other (perpendicular), then their dot product is zero.

Example: Calculate the following dot products:

DI BIEBIEIE
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It may be instructive to sketch the first R? vector against the other R?
vectors.

Orthogonality: if two vectors x and y have dot product x-y = 0 then they
are orthogonal.

Orthogonal is a more general descriptive term than perpendicular. Or-
thogonality applies in more exotic spaces where the vectors cannot be de-
scribed as having a direction.

Projections

Take two vectors x and y. The ‘Projection’ of x onto y is the component
of x that has the same direction as y. Honestly, visuals are the most useful
here, see any text on the subject.

There is a simple dot product based way to calculate it:

. X-y
Proj,(r) = —y
y(@) =7

This expression is not actually that hard to remember.

e The dot product is necessary to calculate how close x and y are in
terms of direction.

e The whole thing is multiplied by y since this is the projection of x onto
y, and so has to be in the direction of y.

e Then we get to the division by y - y. This is necessary because the
projection should not, in any way, depend on the size of y, only its
direction. On top of the expression y turns up twice, so we have its
size multiplied into the expression twice. We need to divide by the size
of y twice to cancel it out.



Example: Calculate Projy,(vs), Projy,(vi) and Projy,(vs) using

[ 1 0

2 1 -3 1
V1:{3:|7 V2:|:_1:|7 V3 = 9 ’ Vy = 3
2 -3

R Vi1 Vg -1 2 —2
P = — — 13|
TOJV1(V2) \2% V1Vl 133 ] [ _13_3 ]

i _VQ’VI _—1 1 . —%
PTOJVQ(Vl)_VrVQVZ— 2 [_1}_{ % ]

Cross Products

These are odd. They are, in many ways, the opposite of dot products.
Dot products take two vectors in R"™, for any n, and output a real value. The
cross product we will use takes two vectors in R?® and outputs a vectors also
in R?. Dot products are zero if the vectors are perpendicular, cross products
are zero if the vectors are parallel (or in opposite directions). The definition
of the dot product is simple, easy to remember, that of the cross product is

not.
T (A ToYs — T3Y2
zy | X | ye | = | —(21ys — 2301)
T3 Ys T1Y2 — T2l1

It can also be written

i 1 Y2 1 0 0
det | j x3 Yo using i={0],j=|11|k=1]0
k T3 Ys 0 0 1

for those familiar with determinants.

Example
1 —2 (2)(0) = (1)(0) 0
2 | x 1 = —(1)(0)+(=2)(0) | =| O
0 0 (1) = (2)(=2) 5

The cross product is clearly orthogonal to the original two vectors.



2 3 (=D(=2) = (=2)(2) 6
—L x| 2 = —@(=2)+(=2)B3) | = | =2 |.
—2 —2 (2)(2) - 3)(=1) 7

Use the dot product to check that the result is orthogonal to the originals.



